Si Flavor Symmetry of Quarks and Leptons 

in SU(5) GUT 



Hajime Ishimori^'* Yusuke Shimizu^'j 
Morimitsu Tanimoto^'"^ 

^ Graduate School of Science and Technology, Niigata University, 
Niigata 950-2181, Japan 
Department of Physics, Niigata University, Niigata 950-2181, Japan 



Abstract 

We present a ^4 flavor model to unify quarks and leptons in the framework of the SU(5) 
GUT. Three generations of 5-plets in SU(5) are assigned 3i of 54 while the first and 
the second generations of 10-plets in SU(5) are assigned to be 2 of 54, and the third 
generation of 10-plet is to be li of S'4. Right-handed neutrinos are also assigned 2 for the 
first and second generations and li for the third generation, respectively. Taking vacuum 
alignments of relevant gauge singlet scalars, we predict the quark mixing as well as the 
tri-bimaximal mixing of neutrino flavors. Especially, the Cabbibo angle is predicted to be 
15° in the limit of the vacuum alignment. We can improve the model to predict observed 
CKM mixing angles as well as the non-vanishing f/gs of the neutrino flavor mixing. 
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1 Introduction 



Neutrino experimental data provide an important clue for elucidating the origin of the ob- 
served hierarchies in mass matrices for quarks and leptons. Recent experiments of the neu- 
trino oscillation go into a new phase of precise determination of mixing angles and mass 
squared differences [1], which indicate the tri-bimaximal mixing for three flavors in the lep- 
ton sector [2] . These large mixing angles are completely different from the quark mixing ones. 
Therefore, it is very important to find a natural model that leads to these mixing patterns 
of quarks and leptons with good accuracy. 

Flavor symmetry is expected to explain the mass spectrum and the mixing matrix of 
quarks and leptons. In particular, some predictive models with non-Abelian discrete flavor 
symmetries have been explored by many authors. Among them, the tri-bimaximal mixing of 
leptons has been understood based on the non-Abelian finite group 5*3 [3]- [19], A4 [20]-^!]. 
and T' [12]- [17], because these symmetries provide the definite meaning of generations and 
connects different generations. On the other hand, much attention has been devoted to the 
question whether these models can be extended to describe the observed pattern of quark 
masses and mixing angles, and whether these can be made compatible with the SU(5) or 
SO(IO) grand unified theory (GUT). 

Recently, group-theoretical arguments indicate that the discrete symmetry 5*4 is the min- 
imal flavor symmetry compatible with the tri-bimaximal neutrino mixing [IH]. Actually, the 
exact tri-bimaximal neutrino mixing is realized in the S4 flavor model [19]. Thus, the S4 
flavor model is attractive for the lepton sector [50]- [51]. Although an attempt to unify the 
quark and lepton sector was presented towards a grand unified theory of flavor [51], mixing 
angles are not predicted clearly. 

In our work, we present a 5*4 flavor model to unify the quarks and leptons in the framework 
of the SU(5) GUT. The group S4 has irreducible representations li, I2, 2, 3i, and 82. Three 
generations of 5-plets in SU(5) are assigned 3i of S4 while the first and the second generations 
of 10-plets in SU(5) are assigned to be 2 of 5*4, and the third generation of 10-plet is to be 
li of 5*4. These assignments of 5*4 for 5 and 10 lead to the completely different structure of 
quark and lepton mass matrices. Right-handed neutrinos, which are SU(5) gauge singlets, 
are also assigned 2 for the first and second generations, and li for the third generation, 
respectively. These assignments are essential to realize the tri-bimaximal mixing of neutrino 
flavors. Taking vacuum alignments of relevant gauge singlet scalars, we predict the quark 
mixing as well as the tri-bimaximal mixing of leptons. Especially, the Cabbibo angle is 
predicted to be 15° in the limit of the vacuum alignment. We improve the model to predict 
observed CKM mixing angles as well as the non-vanishing Ues of the neutrino flavor mixing. 

The paper is organized as follows. We present the prototype of the 5*4 flavor model of 
quarks and leptons in SU(5) GUT in section 2, and discuss the lepton sector in section 3, and 
the quark sector in section 4. In section 5, we present the improved model with additional 
scalar in order to study detail of the model. Section 6 is devoted to the summary. In the 
appendix, we present the multiplication rules of S4, and the scalar potential analysis. Vacuum 
alignments and magnitude of VEVs are also summarized in the appendix. 
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2 Prototype of ^4 flavor model in SU(5) GUT 



We present the prototype of the S4 flavor model in the SU(5) GUT to understand the essence 
of our model clearly. We consider the supersymmetric GUT based on SU(5). The flavor 
symmetry of quarks and leptons is the discrete group 5*4 in our model. The group 5*4 has ir- 
reducible representations li, I2, 2, 3i, and 32- The multiplication rules of 6*4 are summarized 
in appendix. 





T3 {T^,T2) (Fi,F2,F3) (iV,^ iV^) 


H5 


SU(5) 
Z4 


10 10 5 11 

11 2 3i 2 li 
u"^ u 11 


5 5 

li li 
1 1 





Xi 


(X2, Xa) 


(X4,X5) 


(X6,X7,X8) 


(X9,Xio,Xii) 


(Xl2,Xl3,Xl4) 


SU(5) 


1 


1 


1 


1 


1 


1 


^4 


ll 


2 


2 


3i 


3i 


3i 








1 




1 


UJ 



Table 1: Assignments of SU(5), 6*4, and representations, where the phase factor uj is i. 

Let us present the model of the quark and lepton flavor with the 6*4 group in SU(5) 
GUT. In SU(5), matter fields are unified into a 10(gi, u'^, e'^)^ and a 5((i'^,Ze)L dimensional 
representations. Three generations of 5, which are denoted by Fj, are assigned by 3i of 5*4. 
On the other hand, the third generation of the 10- dimensional representation is assigned by 
ll of 5*4, so that the top quark Yukawa coupling is allowed in tree level. While, the first 
and the second generations are assigned 2 of 5*4. These 10-dimensional representations are 
denoted by T3 and (Ti,T2), respectively. Right-handed neutrinos, which are SU(5) gauge 
singlets, are also assigned li and 2 for iV^ and (iVg,iV^), respectively 0. 

We introduce new scalars Xi addition to the 5-dimensional and 5-dimensional Higgs 
of the SU(5), and ifg which are assigned li of 6*4. These new scalars are supposed 
to be SU(5) gauge singlets. The xi scalar is assigned li, {x2,X'i)^ ^-iid (x4)X5) ^-^e 2, 
(X6,X7,X8), (X9,Xio,Xii), and (xi2, Xis, X14) are 3i of the 5*4 representations, respectively. 
The Xi and (X25X3) scalars are coupled with the up type quark sector, {xi^Xb) are cou- 
pled with the right-handed Majorana neutrino sector, (xg; Xii X&) are coupled with the Dirac 
neutrino sector, (xg^XicXn) and (xi2, Xi3; X14) are coupled with the charged lepton and 
down type quark sector, respectively. We also add Z4 symmetry in order to obtain relevant 
couplings. The particle assignments of SU(5), 5*4, and Z4 are summarized Table 1. 

We can now write down the superpotential at the leading order in terms of the cut off 
scale A, which is taken to be the Planck scale. The SU(5) invariant superpotential of the 

^The similar assignments of right-handed neutrinos were presented in the first version of Ref . |49| . 
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Yukawa sector respecting S4 and Z4 symmetries is given as 



<u(5) = ViiTu T2) ® (Ti, T2) ® xi ® H,/A + y^{T,,T2) ® (Ti, T2) ® (x2, Xa) ® ^^s/A 

+ 2/^(iv:,iv;)®(iv:,iv;)®(x4,X5) 

+ y^{N!, ® (Fi, F2, F3) ® (X6, X7, Xs) ® i^s/A 

+ |/2^iV; ® (Fi, F2, F3) ® (X6, X7, Xs) ® i^5/A 

+ F2, F3) ® (Ti, T2) ® (X9, Xio, Xii) ® ^5/A 

+ |/2(Fi, F2, F3) ® T3 ® (xi2, Xi3, X14) ® i^s/A, (1) 

where Mi and M2 are mass parameters for right-handed Majorana neutrinos, and Yukawa 
couphng constants and yi are complex in general By decomposing this superpotential into 
the quark sector and the lepton sector, we can discuss mass matrices of quarks and leptons 
in following sections. 



3 Lepton sector 



At first, we begin to discuss the lepton sector of the superpotential Wsu(5)- Denoting Higgs 
doublets as hu and hd, the superpotential of the Yukawa sector respecting the S4 x Z4 sym- 
metry is given for charged leptons as 



6 fl 



wi = yi 

For right-handed Majorana neutrinos, the superpotential is given as 

WN = Mi{NlNl + N^ND + 

+ [{n:ni + n;n:)xa + {n:n: - n^n^x,] 

and for neutrino Yukawa couplings, the superpotential is 



/id/A 



;^(/mX7 - ItXs) + ;^*^~2^e^6 + 1,1X7 + IrXfi) 



hJA 



+ y^KihXe + luXi + lrX8)hu/A. 



(2) 



(3) 



(4) 



Higgs doublets hu, hd and gauge singlet scalars Xi? are assumed to develop their vacuum 
expectation values (VEVs) as follows: 

(hu) = Vu, {hd) = Vd, ((X4, X5)) = («4, M5), ((X6, X7, Xs)) = (^6, «7, ^^s), 

((X9, XlO, Xll)) = (^^9, ^10, ^11), ((Xl2, Xl3, X14)) = (^^12, Ui3, Uu) , (5) 
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which are supposed to be real. Then, we obtain the mass matrix for charged leptons as 

/ aio/v^ -«ii/v^\ / \ 

Ml = yivd -2ag/VQ a^/VQ aii/V6 + y2Vd 0, (6) 

V / \"12 "13 "14/ 

while the right-handed Majorana neutrino mass matrix is given as 

'Ml + y^a^A y^a^A 
= I y^a.A Ml - y'^a.A | , (7) 
Ms 

and the Dirac mass matrix of neutrinos is 

a'jl\pl —a^/' 
Md = y?Vu ( -2a6/V6 a-j/^Q ag/v^ | + y^^Vu | | , (8) 


where we denote a, = Ui/A. 

Let us discuss lepton masses and mixing angles by considering mass matrices in Eqs.([6]), 
(171) and (IHl). In order to get the left-handed mixing of charged leptons, we investigate M/M^: 

M/M; = v^x 





^0 







+ y2^u j 








') 








«8/ 



livil 

ll^/ipa^ + |y2pa?2 -^bipagttio + Il/2pai2«i3 -^biP^gaii + |2/2p«i2«i4 



-^\yi\^agaio + |2/2pai2ai3 ilyiP"?o + l2/2pa?3 -||yipaioaii + |y2pai3ai4 
-gl^ipagaii |?/2pai2ai4 -||?/ipaioaii + |y2pai3ai4 fbipafi + |y2pa?4 / 

(9) 

If we can take vacuum alignments (u9,uio,uii) = (u9,mio,0) and (?xi2, ^13, ""14) = (0,0,^14), 
that is ail = ^12 = 0^13 = 0, we obtain 

(fbipttg -llyipagoio \ 
-||z/i|'«9«io ilz/i|'«?o , (10) 

\y2\'alj 

which gives = = 0, where Olj denote left-handed mixing angles to diagonalize the 
charged lepton mass matrix. Since the electron mass is tiny compared with the muon mass, 
we expect ag -C aio and then we get the mixing angle 6*12 as. 



tan^l^^--^, (11) 
Zaio 



and charged lepton masses. 



1 2 12 

rnl ~ ^ly^l^^l^d . rnl ~ glyiT^^o^d + gbiP^g^d ~ g^iP^^o^d . rnl = \y2?(A^vl . (12) 

Therefore, the mixing of ^12 is estimated as 

I tan^!2l ~ ~ 2.8 x 10-^ (13) 
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which is neghgibly small. The mixing angle is at most 0{me/mr) even if we take into 
account of non-zero ai2. These tiny and hardly affect the magnitude of the lepton 
mixing matrix element f/es, which will be discussed later. 

It is noticed that one can take at the leading order the vacuum alignment (wg, Uiq, Uh) = 
(0, Mio, 0) in order to guarantee «9 -C ctio, in which the electron mass vanishes. In conclusion, 
we find the charged lepton mass matrix to be almost diagonal one. 

Taking vacuum alignments (u^yU^) = (0,^5) and {uq,U7,Us) = {uq,Uq,Uq) in Eq.([7]), the 
Majorana mass matrix of neutrinos turns to 



M, 



N 



Ml 





(14) 



and the Dirac mass matrix of neutrinos turns to 

—a 



M 



D 

















^0 







+ y2^u 1 
















"6/ 



(15) 



By using the seesaw mechanism Mi, = Mj^Mj^^ Md, the left-handed Majorana neutrino mass 
matrix is written as 



where 



M. 



(yfae^'n) 
Mo 



a -lb 



'a + p 
a — 

— 36 a + ^b — 



|6+ic a 
1" a 



a — |6 

+ lb+: 



Ml - y^a^A 



The neutrino mass matrix is decomposed as 



(16) 



(17) 



M. 



b + c 




As well known, the neutrino mass matrix with the tri-bimaximal mixing is expressed in terms 
of neutrino mass eigenvalues mi, m2 and as 



M, 



mi + m3 




(19) 



Therefore, our neutrino mass matrix M^ gives the tri-bimaximal mixing matrix t/tri-bi and 
mass eigenvalues as follows: 



tri-bi 



/ ^ A. 

' V6 ^/3 

L J_ J_ 

\ V6 V3 V2 / 



\ 

1 

'V2 



mi = b , m2 = 3a , 



ma 



(20) 
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We remind ourselves that the flavor mixing from the charged lepton sector is negligibly small. 

Defining parameters fio = f„/A, Ai = Mi /A and A2 = M2/A, and taking 
observed values Aml^^ and Am^^j are expressed as 



, the 



Am 



atm 



9(A? - y^as 



Ai(Ai 



(yi-«6)VX- (21) 



Putting A = 2.43x lO^^GeV and experimental 
values of Am^,^ = (2.1 - 2.8) x IQ-^eV^ and 
Am^^i = (7.1-8.3) xlO-^eV^ P, we can estimate 
magnitudes of and ag in the case of the normal 
neutrino mass hierarchy. We show the numerical 
result in Figure 1, where we fix = —1 and 
Hi = \. We find ag > 0.1, which is much larger 
than as ^ 10"^ - lO'^. 

Let us discuss a possible case of the non- 
vanishing f/e3, which is the deviation from the 
tri-bimaximal mixing. If 04 ^ 0, which corre- 
sponds to the non-vanishing U4, the left-handed 

Majorana neutrino mass matrix deviates from Figure 1: The allowed region on the 05 
Eg. (1161) . After rotating by the tri-bimaximal «6 plane, 
mixing matrix {M^ = f/tri-bi^i'^tri-bi), we obtain 
off-diagonal elements in the neutrino mass matrix 
due to the non-zero a4 as follows: 



1 

0.5 

0.2 

X 0.1 
^0.05 

0.02 



0.1 



0.2 0.3 



•'• •! . lt.\ .•• • »■ 



0.4 0.5 



2 2 









Ma 







yf(IVh-y^a^,K) 

i)A2 / 



(22) 



Then the mixing angle ^^13, which diagonalizes this mass matrix, is given as 



tan25^;^3 = — , 

"5 



which leads to 



— \f)0'' I ^ — 



"5 



1 



\U, 



/i3 I 



1 
72 



1 04 



2^605 



(23) 



(24) 



Thus, the magnitude of f/gs is determined by the non- vanishing ratio a^/a^. 



4 Quark sector 



In this section, we discuss quark sector of the superpotential u^gu(5)- Foi^ up type quarks, the 
superpotential of the Yukawa sector with S4 x Z4 is given as 

Wu = Viiu^qi + c''q2)Xihu/A 



y2 [iu'q2 + c'qi)x2 + {u'qi - c"g2)X3] K/A + y^t'q^K. 



(25) 
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For down type quarks, we can write the superpotential as follows: 



+ y2{d''xi2 + s^xvi + h''xiA)qzhd/ ^■ 

We assume that scalar fields, Xi^ develop their VEVs as follows: 



(26) 



(Xi) = ui, ((x2, Xs)) = {U2, Us), 

{{X9, XlO, Xll)) = {Ug, Uio, Uu), ((Xl2, Xl3, Xu)) = («12, ^13, ^m)- 



(27) 



Then, the mass matrix for up type quarks is given as 

Mu = Vu 



Vi^i + t/a "3 ^2 "2 

y^a2 Viai - y^a^ 
yl 



(28) 



and the down type quark mass matrix is given as 

-2ag/V6 0' 





(0 





«12\ 


+ y2Vd \ 








"13 




{0 





«14/ 



(29) 



Let us discuss masses and mixing of the quark sector. For up type quarks, if we take 

as = 0, t/iai = y^a2, (30) 
which will be reexamined to get observed CKM mixing angles in section 5.2, then, we have 



y'^ai y^ai 
Mu = Vu\ Viai y^ai 




(31) 



which is diagonalized by the orthogonal matrix Uu 

Uu = 



cos 45° sin 45° 0' 
-sin 45° cos 45° 
1, 



(32) 



The up type quark masses are given as 

rriu = 0, mc = 2y'^Vu(yi, 



m = y^Vu- 



(33) 



For down type quarks, putting an = ai2 = ais = 0, which is the condition in the charged 
lepton sector, we have 



1 U. 12^,2 



2/1 1 "lo 



2^,2 



«io 







(34) 



Then, the mass matrix is diagonahzed by the orthogonal matrix Ud as 

/ cos 60° sin 60° 0\ 
f/d= -sin60° cos 60° , (35) 

V i; 

where the small ag is neglected. The down type quark masses are given as 
1 2 

2 I |2 2 2 2 I |2 2 2 2 i |2 2 2 /or\ 

rrid ~ 2^yi\ "g^d > ~ 3I2/1I "lo^d > i^b ~ I2/2I "i4^d , (36) 

which are the same ones of charged lepton masses in Eg. (1121) . 
Now, we get the CKM matrix as follows: 

/cos 15° sin 15° 0\ 
V^'^^^ = UlUd= I -sml5° cos 15° . (37) 

V 01; 

Therefore, in our prototype model of SU(5) GUT with the 6*4 flavor symmetry, the quark 
sector has a no n- vanishing mixing angle 15° only between the first and second generations 
while the lepton flavor mixing is tri-bimaximal. In order to get the no n- vanishing but small 
mixing angles V^^'^ and V^^^'^ , we improve the prototype model in the next section. 



5 Improved S4 flavor model in SU(5) GUT 

We improve the prototype model to get the observed quark and lepton mass spectra and the 
CKM mixing matrix. We introduce the SU(5) 45-dimensional Higgs /i45, which is required 
to get the difference between the charged lepton mass spectrum and the down type quark 
mass spectrum. Moreover, we add a S'4 doublet (X25 X3) ^ triplet (xg, Xic Xn); which 
are SU(5) gauge singlet scalars. These assignments of SU(5), S'4, and are summarized 
Table 2. Since the additional scalars do not contribute to the neutrino sector, the result of 
the neutrino sector in the prototype model is not changed. Therefore, we discuss only the 
charged lepton sector and the quark sector in this section. 





^45 


(X2,X3) 


(Xg,Xio.Xii) 


SU(5) 


45 


1 


1 




li 


2 


3i 




00^ 




00' 



Table 2: Assignments of additional scalars in SU(5), S'4, and Z4 representations. 



The superpotential of the Yukawa sector respecting the SU(5), S'4 and Z4 symmetries is 
given as 



where we denote 



«^SU{5) = 4u(5) +4u(5)' (38) 

^su(5) = y2iTuT2) ® T3 ® (x'2, Xs) ® H, 

+ y[{F,, F2, F3) ® (Ti, T2) ® (x'g, x'lo, X'n) ® h,,. (39) 
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5.1 Improved lepton sector 



Let us discuss the improved lepton sector of the superpotential wsu(5)- The superpotential 
of the charged lepton sector with x Z4 is given as 



wi = yi 



6 /i 



/id/A 

/i45/A 



We denote their VEVs as follows: 

(/l45) = ^^45, ((X9, XlO, Xll)) = (^^9, ^10, Un), 

((Xg, X'lo' X'n)) = (^9, ^'lO' ^n)' ((Xi2, Xi3, Xm)) = (^^12, ^^13, ^m)- 



(40) 



(41) 



Then, we obtain the mass matrix for charged leptons: 

/ ttio/v^ -aii/V2\ 
M = j/iWd -209/1/6 aio/Ve aii/V6 +y2fd 
\ / 

/ alo/v^ -«n/V2\ 






,ai2 ai3 ai4. 



(42) 















where we denote = Wj/A and a^- = m^/A. It is noticed that the third matrix in the right 
hand side is the additional one compared with the mass matrix of the prototype model in 
Eq.(l6]). 

Masses and mixing angles of the charged lepton sector are similar to those of the prototype 
model in Eqs. f|T2|) and f|T3|) . If we can take the vacuum alignments (ug, uiq, Uh) = {ug, Uiq, 0), 
(ug, u'lO' ^11) = (""g^^D'O) and {ui2,ui3,ui4) = (0,0,^14), that is an = = ctu = "13 = 0, 
we obtain charged lepton mass matrix as follow: 



{yiaio - Syia'^o) / V2 

Ml = Vd I -2(yiag - 3yia'g)/V6 (yittio - 3^ia;o)/V6 

y2ai4/ 

where we replace y'lV^^ with yiVd- Since we have 



(43) 



||?/iag - 3i/ia9p 
\{yiag - ?,yia[^{ylaiQ - Wi^'i^) 




-\{y*iag - 2>yla'g){yiaiQ - 'iyxa\ 



\\y\OLxQ - 3yiaioP 



10; 








(44) 
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masses and mixing angles of the charged leptons as follows: 
1 9 

-1-1 „ / I o o o ^ 



I i2 2 2 
1 1/2 1 «14'^^d, 



1^ 



Z/l«9 - St/lftg 



1 mp o 
— — ^ 2.8 X 10^^ 
V3 



= 0, 6^^ 



13 



0. 



(45) 



2(2/iaio - 3yia'io) 

Thus, the charged lepton mass matrix is almost diagonal, and so the tri-bimaximal mixing 
of neutrino flavors is also realized in this improved model. 



5.2 Improved quark sector 

Let us discuss the quark sector of the superpotential wsu(5). For up type quarks, the super- 
potential respecting 5*4 x Z4 is given as 

Wu = yliu^qi + c''q2)xihu/^ 
+ Vst^qshu 

+ Vl \{n'X2 + c'x-Mz + t\q,^2 + ^2X3)] Kit.. (46) 
For down type quarks, we can write the superpotential as follows: 



Wd = yi 



/id/A 

^^45 /A 



+ l/2(c?''Xi2 + s''xi3 + b''xu)q3hd/A. 
We denote their VEVs as follows: 

(Xl) = Ul, ((X2, X3)) = {U2, U3), ((X2, Xs)) = (4' 

((X9, Xio, Xii)) = (^9, ^10, ^11), ((Xg, X'i05 Xii)) = (^9, ^lO' ^n)' 

((Xl2,Xl3,Xl4)) = (M12,M13,M14)- 

Then, we obtain the mass matrix for up type quarks is given as 



' ?/l ai + 1/2 «3 1/2 «2 Z/4 «2 

- 1/2 "3 Z/4«3 



l/2a2 

2/4«2 



Z/4«3 



1/3 



while the down type quark mass matrix is given as 

/ -2a9/v^ 0' 
Md = yiVd aio/y/2 aio/Ve 
\-au/V2 au/VQ 

/ -2ayV6 










ai2\ 


+ y2Vd 1 








«13 




^0 





"14/ 



(47) 



(4^ 



(49) 



(50) 
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We consider the quark mixing. The up type quark mass matrix (l49l) turns to the following 
one after rotating by = 45°: 



I 



«3) ^(«2 



an 



(51) 



In order to obtain the non- vanishing quark mixing of V^^^^ and V^^'^^ , we take 



l/2"3 > 2/^"!, ^2^2, ^2 = ^3, (52) 

which are realized by vacuum alignments Mi = @, {u2,Us) = (0,%) and iu2,u'^) = (m2,M2)- 
This situation of VEVs is completely different from that of the prototype model as seen in 
Eq. fl30l) . in which V^^'^ and V^^^^ vanish. Then, we obtain the so-called Fritzsch-type mass 
matrix [53] 

/ yl^as \ 

^ Vu y^a3 v^y^a'^ . (53) 
V V2y2a'2 J 

As well known, the complex phases in this 3x3 matrix can be removed by the phase matrix 
P as P^MuP; 

'10 \ 

e~'P . (54) 
.0 e^'" 



Therefore, up type quark masses are 

Vu, 



2yfa'2^ 



'^yf ,2 



^3 



and the mixing matrix to diagonalize in Eq. fl53l) . Vp (M^ 

1 



rric 



m t 
rric 



mt 



I rric 



The conditions from the lepton sector an 
quark mass matrix: 



a 



11 



1 

«12 



mt = \y3\vu, (55) 

diagonal ^ V^MuVp), is 

(56) 

«i3 = give the down type 



-2{y,a, + y,a',)/V6 

Md = Vd\ {yioio + yia[o)/y/2 {yiaw + yia[o)/y/6 

2/2ai4y 

where we denote yiVd = y'lV^^. Then, we have 

^, ^/ |2^ 



(57) 



M\Md = vl I ^Iz/ittio + yia'iQ? |(4|l/i«9 + yiOgP + biaio + yi«'io 








Il/2P«?4/ 



(5^ 



^Onc may consider to remove xi, which is S'4 singlet, in our scheme. 
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After rotating by Ud in Eq. fl35|) . M^Md turns to be 



/ 12 







10 I J 



Then, down type quark masses are given as 








I |2 2 2 
IZ/2I «14^d 



(59) 



and the mixing angle is 60° + 69f2i where 



56 
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4I2/1CH0 + l/iaioP 



-1.5 X 10' 



(60) 



(61) 



Therefore, 6'f2 is almost 60°. We add comments on 62-^ and ^^3, which vanish in our scheme 
because of an = a^^ = = «i3 = 0. Non-vanishing lead to 

2(yiaio + yiaio)ai3 - yicni«i4 



(7^3 ~ 



yian 



V2y: 



'2ai4 



"^23 



V6y2«?4 



(62) 



where the complex phases of Yukawa couplings are neglected. These mixing angles are 
expected to be tiny as far as 0:14 ^ an, ai3. 

Let us discuss the CKM matrix. The unitary matrices diagonalizing the up type quark 
mass matrix and the down type quark one, Uu and Ud are given, respectively, 

cos 45° sin 45° 
Uu = ( - sin 45° cos 45° 
1 

cos 60° sin 60° 0^ 
Ud = [- sin 60° cos 60° 
1, 




m t 
rraZ 



^ mt 



(63) 



Therefore, the CKM matrix is written as 

1 

yCKM ^ jj^^jj^ 

The relevant CKM mixing elements are given as 




cos 15° sin 15° 
- sin 15° cos 15° 



CKM I 



sin 15° — cos 15° 



m. 



rrir 



|t/CKM| 



rrir 








|t/CKM| 







0^ 




(64) 



(65) 



In the limit of neglecting the CP violating phase, p = 0, putting typical values at the GUT 
scale niu = 1.04 x 10"^GeV, nic = 302 x 10"^ GeV, mt = 129GeV, which are derived in Ref. 
[56] . we predict 



CKM I 

us 



0.202, 



|t/CKM| 
^cb 



0.048, 



|t/CKM| 
^ub 



0.003. 



(66) 
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By adjusting the non-zero phase p = 50°, we can get the central value of the observed 
Cabbibo angle 0.226. Another phase a is still a free parameter. Our predicted V"^^^^ and 
V^^^ are somewhat different from the central values of observed mixing angles. If we take 
into account the down type quark mixing angles in Eg. (1621) . which are neglected in this 
stage, we expect to improve the situation including the phase a. Then, we can discuss the 
CP violating phenomena in the CKM scheme by using two phases p and a. 

The difference between the charged lepton mass spectrum and the down type quark one is 
occurred by the 45-dimensional Higgs. The masses of charged leptons and down type quarks 
are given as: 

1 2 

1 2 
= 2l^i"9 + ^i"9p^d' ^1 = gbi^io + ma'iol^vl, ml = |?/2ptt?4^d- (67) 

In order to get the power ratios of masses m^ : = 1:9, : m^ = 9:1, which is consistent 
with the observed mass spectra at the GUT scale, we require the following conditions: 

yiag = SyiOg, or yiag = 2yiag, 

yiaio = -3yia'io, or yictio = 0. (68) 



6 Summary 

We have presented a flavor model with the 5*4 symmetry to unify quarks and leptons in the 
framework of the SU(5) GUT. Three generations of 5-plets in SU(5) are assigned 3i of 5*4 
while the first and the second generations of 10-plets in SU(5) are assigned to be 2 of S4, 
and the third generation of 10-plet is to be li of S4. These assignments of S4 for 5 and 
10 lead to the completely different structure of quark and lepton mass matrices. Right- 
handed neutrinos, which are SU(5) gauge singlets, are also assigned 2 for the first and second 
generations and li for the third generation, respectively. These assignments are essential 
to realize the tri-bimaximal mixing of neutrino flavors. Vacuum alignments of scalars are 
also required to realize the tri-bimaximal mixing of neutrino flavors. Our model predicts the 
quark mixing as well as the tri-bimaximal mixing of leptons. Especially, the Cabbibo angle is 
predicted to be 15° in the limit of the vacuum alignment. We improve the model to predict 
observed CKM mixing angles as well as the non-vanishing Ue3 of the neutrino flavor mixing. 
The deviation from 15° in is given by \fnh^nic^ while the non- vanishing |V^^^^| 

and jV^^^'^l are given by ^Jm^/mt and ^J^nhjmt-, respectively. The non- vanishing f/gs of the 
neutrino flavor mixing is independent of these deviations. We will discuss the CP violating 
phenomena in the CKM scheme elsewhere by taking account of the corrections of the down 
type quark sector. 
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Appendix 



A Multiplication rules of S4 

We present the relevant multiplication rules of S'4. The two-dimensional one is given as 

(ai, 02)2 X {bi, 62)2 = (oifei + 0252)11 + {-a-ih + a2bi)i2 + (0162 + a2bi, aibi - 02^2)2 • (69) 
For three-dimensional representation, the product is given as 
(ai, 02, 03)3^ X (61, 62, ^3)31 = («i^i + «2&2 + 03^3)11 



+ 



-^((^^h - a-sh), + ^2^2 + 03^3) 



+ (02^3 + 03^2, 0163 + 0361, aib2 + 0261)31 
+ (0362 - 0263, 0163 - a^bi, 0261 - 0162)32 
The product of two- and three-dimensional representations is given as 



(01,02)2 X (61,62,63)31 



+ 



^261, -^(^30162 + 0262), ^(^30163 - 0263; 
ai6i, ^(^30262 - 0162), - ^(v/30263 + 0163 



3i 



J 32 



(70) 



(71) 



B Vacuum alignments and magnitudes of VEVs 



In our model, we need vacuum alignments of scalar fields Xi oi 5*4 doublets and triplets. 
Vacuum alignments are summarized at the leading order as follows: 

Xl = 0, (X2,X3) = (0, 1), (X2,X3) = (1,1), (X4,X5) = (0, 1), (X6,X7,X8) = (1,1,1) 

(X9, Xio, Xii) = (0, 1, 0), (x'g, x'lo. X'li) = (0, 1, 0), (xi2, Xi3, X14) = (0, 0, 1), (72) 

where magnitudes are given in arbitrary units. Non-vanishing rrie and require tiny devi- 
ations from zeros for X9 and Xg, which could be realized in the next leading order. 

In order to show magnitudes of VEVs, we estimate and a'j. These are given as follows: 



as 



an 



^2 = a4 = ttii = a^^ = a\2 



ai3 = 0, 



an 



2yfvu 



as 



yfvl 



?,yfy^mik 
V2{md - me) 



aio 



ag = ay = as 



^Jm2M2 
y/3y 



D 

2 '^u 



ag 



a 



m,. 



ai4 = 



nib 



(73) 



Putting typical values of quark masses at the GUT scale [56], M2 = lO^^GeV, and tan/3 = 3 
{vd ~ 55GeV,f„ ~ 165GeV) with taking 1 for Yukawa couplings, we have 

a'a ~ 0.03, 03 ~ 1 x 10~^ a^ ~ 10"^ - 10"^ a^ > 0.1, ag ~ 3 x 10"^ 



ag ~ 7 X 10^ 



aio ~ 8 X 10" 



"10 ~ 



2 X 10" 



ai4 ~ 0.02. 



(74) 
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C Scalar potential and vacuum alignments 

We present the scalar potential to discuss the vacuum alignment. The SU{5) x x Z4 
invariant superpotential is given as 

+ /^4(X9, Xio, XiOsi + Ai5(X9, x'lo, Xn)3i + ^^eiX6, Xr, X8)3i ® (Xi2, Xis, Xi4)3i 

+ ^l(Xl)li ® (X2, ^3)2 ® (X4, X5)2 + ??2(Xl)li ® (X6, X7, X8)3i 

+ ^73(Xi)ii ® (Xi2, Xi3, Xi4)3i + ^4(xi)ii ® (X9, Xio, XiOsi ® (Xg, Xio' Xn)3i 

+ V5{X2, X3)l ® (X4, X5)2 + r](i{X2, X3)2 ® (X6, X7, X8)3i 

+ '77(X2, X3)2 ® (X9, XlO, Xll)3i ® ix'g, XlO, Xll)3i + '78(X2, X3)2 ® (Xl2, Xl3, Xl4)3i 

+ ^9(X2' X3) ® (X6, X7, X8) ® (Xg, X'lO' X'u) + mo(X2' X3) ® (X9, XlO, Xll) ® (Xl2, Xl3, Xu) 

+ ??ii(X4, X5)2 + ^i2(X4, X5)2 ® (x9, Xio, XiOsi + '?i3(X4, ^5)2 ® (Xg, X'lO' Xn)3i 

+ ^?14(X4, X5)2 ® (X6, X7, X8)3i ® (Xl2, Xl3, Xl4)3i + Vl5{X6, X7, XsYs, ® (Xg, X'lO' Xn)3i 

+ '7l6(X9, XlO, XlOsi + ^17(X6, X7, X8)3i ® (X9, XlO, Xll)3i ® (Xl2, Xl3, Xl4)3i 

+ ^18(X9,XlO,Xll)3i ® (Xg,X'lO.Xn)3i + ^19(Xg, X'lO' Xll)3i ® (Xl2, Xl3, Xl4)3i , (75) 

which is written as 

W = /ilX? + /^2(X2 + X3) + /^3(X4 + X5) + /^4(Xg + XlO + Xii) 

+ y"5(Xg ^ + X'lo + X'lf ) + yU6(X6Xi2 + X7Xi3 + X8X14) 

+ ^iXi(X2X4 + X3X5) + ^2X1 (Xe + X7 + xl) + ^3X1 (X?2 + X?3 + Xu) 

+ ^4Xi(X9Xg + XioXio + XiiXii) + ^5{2X2X3X4 + (X2 - xDxs} 

+ Vd^ix'r - xl) + ^(-2X^ + X? + XD) 

+ ^7{;^(XioXio - XiiXn) + :^(~^^9^9 + ^wX'w + XnXn)} 

+ Vsi^ixls - xL) + ^(-2xL + X?3 + xl)} 

+ ^9{^(X7Xio - XsXn) + ^(-2X6X9 + X7X'io + XsXii)} 

+ '7io{-^(XioXi3 - X11X14) + -^(-2xgXi2 + X10X13 + X11X14)} 

+ VniSxlx^ - XD + Vi2{^ixlo - Xn) + ^("2X9 + xlo + Xn)} 

I r X4 / / 2 / 2\ I X5 / / 2 I 12, I 2\^ 

+ m4{^(X7Xl3 - X8X14) + ^(-2X6X12 + X7X13 + X8X14)} 
+ '7l5(X7X8X9 + X6X8X10 + X6X7X11) + ^16X9Xl0Xll 

+ '7i7{(X7Xii + X8Xio)Xi2 + (XeXii + X8Xg)Xi3 + (XeXio + X7Xg)Xi4} 

+ '7i8(X9x'ioXii + XioXgXn + XiiXgX'io) + '7i9(XgXi3Xi4 + x'ioXi2Xi4 + XnXi2Xi3) • (76) 
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VEVs of Xi must be much larger than the weak scale. We assume that their VEVs are 
determined with neglecting supersymmetry breaking terms, i.e. Vmin = 0. The and a'j are 
very small except for a^, aj, as, au, a'2 and ^3. Then, conditions of the potential minimum, 
Vmin = are written as 



V2{xl + X7 + xl) + mXu = 0, 
Vg{X7 - xl) - Vsxli = 0^ 

-^r]Q{-2xl + X7 + xl) + y|^8^i4 = 0' 

-^VuXsXu = 0, 

I^gXm = 0, 
rjuXsXu = 0, 
^717X7X14 = 0, 

VnXeXu = 0, 
V9 (~^^2 + ^^3) + ^15^6X7 = 0, 

^15X6X8 = 0, 

2 , 

-^yl^XsXe + ^715X7X8 = 0, 



/WeXe = 0, 

yU6X7 = 0, (77) 

where Xi^ are denoted as VEVs. Let us consider vacuum alignments of (xe? X7) X8) and 
(X2) Xs)- Since we have a solution 

^2(X6 + X? + X8)+^3X?4 = 0, %(X7-X8)=0, -^Vei-^xl + Xj + xl) = 0, 

Vs = V9= Vio = Vi4 = Vi5 = Vn = = 0, (78) 

the vacuum alignment Xe = X7 = Xs is a possible solution. On the other hand, X2 = X3 is not 
guaranteed in Eg. (1771) . We may need another mechanism to realize the vacuum alignment of 

(x'2,x'3) m- 
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